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A model for fluvial channel reaction time during time-dependent 

climatic and tectonic forcing and its contrary applications 

 
Dr. N.L. Dongre 

 
"The language of light can only be decoded by the heart."  

 

                                                                                                — Suzy Kassem  

 

 
 

 The  Gudra  River of Abujhmarh , Bastar,India. :Fluvial incision that predicts the channel topography as a 

function of time-dependent climatic and tectonic conditions. 
____________________________________________________________________________ 

 

Abstract: The fluvial response time dictates the duration of fluvial channel 

adjustment in response to changing climatic and tectonic conditions. 

However, when these conditions vary continuously, the channel cannot 

equilibrate and the response time is not well defined. Here I develop an 

analytical solution to the linear stream power model of fluvial incision that 

predicts the channel topography as a function of time-dependent climatic and 

tectonic conditions. From this solution, a general definition of the fluvial 

response time emerges: the duration over which the tectonic history needs to 

be known to evaluate channel topography. This new definition is used in 

linear inversion schemes for inferring climatic or tectonic histories from river 

long profiles. The analytic solution further reveals that high-frequency 

climatic oscillations, such as Milankovitch cycles, are not expected to leave 
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significant fingerprints on the long profiles of fluvially incised detachment-

limited rivers. 

____________________________________________________________________________ 

 

1 Introduction 

 
The fluvial system responds to changing tectonic and climatic boundary conditions by 

internally changing the pattern of erosion, sediment transport, and relief. This is mostly 

understood through a series of coupled interactions acting to bring the fluvial system to a 

topographic and erosive equilibrium with respect to the external conditions, whereby fluvial 

incision balances tectonic rock uplift [Willett and Brandon, 2002, and references therein]. 

 

The question of how fast a fluvial channel responds and changes its characteristics when 

tectonic or climatic conditions change is of critical importance for assessing the lag time between 

a change in the boundary conditions, on the one hand, and landscape evolution and sediment flux 

response, on the other hand [Godard et al., 2013; Romans et al., 2016]. This lag time that controls 

the probability of finding steady state channels [Whipple, 2001], and the prevalence of transient 

features along fluvial landscapes [Mudd, 2016], is commonly referred to as the fluvial response 

time [Whipple and Tucker, 1999; Allen, 2008]. The fluvial response time is most easily 

understood when considering a step change in tectonic or climatic conditions, as the time that it 

takes for the channel to fully transition from a former to a new steady state topographic 

[Whipple, 2001] or flux [Willett and Brandon, 2002; Armitage et al., 2013] conditions. However, 

when the tectonic and climatic conditions vary continuously, steady state cannot be achieved, and 

the definition of the response time becomes more elusive. 

 

Estimating the fluvial response time in the field is far from trivial, both because the 

history of variations of climatic and tectonic conditions is not always known and since 

identification of steady state conditions in the field is highly speculative [Willett and 

Brandon, 2002]. Numerical investigations of the response time critically depend on the chosen 

fluvial, climatic, and tectonic parameters [e.g., Armitage et al., 2013; Godard et al., 2013] and 

cannot always be generalized. These limitations call for an analytical analysis, which can be used 

to accurately predict rates of landscape evolution and spatial patterns of transiency in response to 

general histories of the boundary conditions and as a function of the fluvial parameters. To derive 

an analytical expression, there is a need for a mathematical description of the evolution of fluvial 

channels as a function of the imposed boundary conditions. 

 

For mountainous bedrock rivers, a description that is widely used in the framework of 

detachment-limited channels is the stream power model [Howard and Kerby, 1983; Howard,  

1994; Whipple and Tucker, 1999]: 

 𝐸 =  𝐴𝑚 𝑆𝑚                                                                                                                                (1) ܭ

 

where  E is the fluvial incision rate ([L/T]), A, is the upstream drainage area ([L
2
]), S, is 

the local slope [L/L], m and n are positive, no integer powers, and K is the erosional efficiency 

([L
1–2

mT
−1

]) that reflects the susceptibility of the landscape to erode. The power law dependency 

on A and S arises from the postulation that the rate of incision is proportional to the stream power 

or to the shear stress exerted by the stream on the bed [Howard and Kerby, 1983]. This further 

requires that A acts as a proxy to the water discharge and that K incapsulates climatic conditions, 

geometrical and hydraulic characteristics of the stream, bedrock resistance to erosion [Whipple 

and Tucker, 1999], and the sediment flux [Gasparini et al., 2007] and its along water column 

distribution [Lamb et al., 2008]. Several modifications have been suggested to this erosion model, 
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such as incision thresholds [e.g., Wilcock, 1998; Parker, 1991; Snyder et al., 2003; Lague et 

al., 2005; DiBiase and Whipple, 2011; Lague, 2014], sediment flux-dependent erosion rate 

[e.g., Sklar and Dietrich, 1998; Lamb et al., 2008; Turowski and Rickenmann, 2009], and channel 

width that is sensitive to the rate of tectonic uplift [Finnegan et al., 2005; Turowski et 

al., 2006; Amos and Burbank, 2007; Attal et al., 2008; Yanites et al., 2010]. Gasparini and 

Brandon [2011] have demonstrated that many of these modifications can be accounted for by 

varying the values of m and n in equation (1), but more important for the current work, the 

relatively simple form of equation (1) allows developing an analytical solution for the temporal 

evolution of fluvial channels [e.g., Royden and Perron, 2013; Goren et al., 2014]. 

 

Using the stream power model to describe fluvial erosion, the evolution of fluvial 

channels is commonly cast as a topography conservation equation: 

 డ𝑧ሺ௧,𝑥ሻడ௧ = 𝑈ሺݐ, 𝑥ሻ − ,ݐሺܭ 𝑥ሻ𝐴ሺ𝑥ሻ𝑚 డ𝑧ሺ௧,𝑥ሻ೘డ𝑥 ,                                                                                     (2) 

 

Where the left-hand side expresses the rate of change of surface elevation, z ([L]), and the 

right-hand side expresses the balance between the tectonic rock uplift rate or the rate of base level 

change, U ([L/T]), and the rate of erosion. In equation (2), S(t,x) = ∂z(t,x)/∂x, where x ([L]) is a 

coordinate system along the channel and t ([T]) is the time. Equation (2) is an advection equation, 

and therefore, it predicts that perturbations (such as slope break) in the river long profile are 

advected upstream at a celerity of Ce=KA(x)mS(t,x)n
 − 1

 [Whipple and Tucker, 1999]. Whipple and 

Tucker [1999] have developed an expression for the time to achieve a new topographic steady 

state in response to a step change in U, by noting that when U is constant, then so is the rate of 

vertical migration of knick points. Their expression relies on a more general derivation for the 

response time that depends on the celerity: , 𝜏௖ℎ = ∫ ௗ𝑥′𝐶𝑒௅଴ = ∫ ௗ𝑥′௄𝐴ሺ𝑥′ሻ೘𝑆೙−భ௅−𝑥𝑐଴ ,where L is the 

length of the channel from the outlet to the divide and xc is the distance from the channel head to 

the divide. Using a similar methodology, Whipple [2001] has developed an expression for the 

time to achieve a new steady state in response to a step change in K. 

 

A different approach for assessing the fluvial response time in the scope of the stream 

power model relies on analytic solutions of equation (2). Such closed-form solutions have been 

developed in several studies [e.g., Luke, 1972; Weissel and Seidl, 1998; Pritchard et 

al., 2009; Royden and Perron, 2013; Goren et al., 2014]. Of these, some have explicitly 

addressed solutions under the assumption that n = 1, i.e., that the incision rate is linear in the 

slope [e.g., Royden and Perron, 2013; Goren et al., 2014]. This assumption ensures that there are 

no physically unrealized portions of the solutions around migrating knick points [Royden and 

Perron, 2013, and references therein], and therefore, the fluvial response time is well defined. 

Goren et al. [2014] have presented a closed form solution to equation (2) for any general history 

of U(t), a constant K, and under the assumptions that ݊ =  ͳ. This solution takes the form of 

   𝑧ሺݐ, 𝑥ሻ = ∫ 𝑈ሺݐ′ሻ௧
௧−𝜏ሺ𝑥ሻ 𝑑ݐ′,                                                                                                                          ሺ͵ሻ 

 

where. 𝜏ሺ𝑥ሻ = ∫ ௗ𝑥′௖𝑒ሺ𝑥′ሻ೘𝑥଴ = ∫ ௗ𝑥′௄𝐴ሺ𝑥′ሻ೘𝑥଴ =Equation (3) means that the elevation, z, of any point, x, 

along the fluvial channel at time, t, can be expressed if the tectonic uplift rate history, U(t), is 

known during the time interval between t and t − τ(x). This time interval, of length τ(x), can be 

defined as the response time for any general history of U, although a topographic steady state 
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cannot be achieved when U varies continuously. Here a similar approach to the fluvial response 

time is developed, but when both U(t) and K(t) are general functions of time. 

 

Temporal variations in K can arise from changes in the hydraulic conditions of the fluvial 

system or in the lithological units into which the channel is incising, but they are most commonly 

related to temporal variations in the climatic conditions. These, in turn, can lead to temporal 

variations of the water flux [e.g., Wu et al., 2006], the sediment flux [e.g., Simpson and 

Castelltort, 2012] and the rock strength due to climatically controlled chemical weathering 

[Murphy et al., 2016]. It is important to note that temporal variations in any of these attributes do 

not necessarily linearly map to temporal variations in K, but commonly, the functional 

dependency is more complicated. Even for the simplest scenario of variations in precipitation, P, 

the effect on K is expected to depend on Pm [e.g., Willett, 2010; Ferrier et al., 2013]. For 

simplicity, in the current work, temporal variations of K are generally referred to as temporal 

variations in the climate without an explicit reference to their specific source or to their exact 

functional dependency. 

 

Here an analytical solution of equation (2) for general time-dependent boundary 

conditions of U (t) and K (t) is developed that leads to a definition of the fluvial response time. In 

this case as well, topographic steady state is not expected, but the response time can be defined as 

the time interval over which the tectonic rock uplift rate history needs to be known in order to 

evaluate the topography along the fluvial channel. 

 

2 A Closed Form Analytical Solution of the Linear Stream Power Model 

 

The topography conservation equation for the case of temporally varying U and K and n = 1 is 

expressed as ͳܭሺݐሻ ߲𝑧߲ݐ + 𝐴ሺ𝑋ሻ𝑚 ߲𝑧߲𝑥 = 𝑈ሺݐሻܭሺݐሻ.                                                                                                                    ሺͶሻ 
 

Equation (4) can be written as 

 𝑑ݐ𝑑ݎ ߲𝑧߲ݐ + 𝑑𝑥𝑑ݎ ߲𝑧߲𝑥 = 𝑑𝑧𝑑ݎ                                                                                                                                      ሺͷሻ 
 

where r is the characteristic parameter, and therefore, the topography, z, varies only as a function 

of r. In equation (5) the derivatives with respect to r are identified as 

 𝑑ݐ𝑑ݎ = ͳܭሺݐሻ  subject to ݐሺݎ = Ͳሻ = 𝑆଴                                                                                                        ሺ͸ሻ 
 ௗ𝑥ௗ௥ = 𝐴ሺ𝑋ሻ𝑚 subjected to 𝑥ሺݎ = Ͳሻ = Ͳ                                                                                                 ሺ͹ሻ  
 𝑑𝑧𝑑ݎ = 𝑈ሺݐሻܭሺݐሻ subjected to 𝑧ሺݎ = Ͳሻ = Ͳ,                                                                                                    ሺͺሻ 
 

where ݏ଴ represents the initial conditions. The solution to equation (7) is ݎሺ𝑥ሻ = ∫ 𝑑𝑥′𝐴ሺ𝑋′ሻ𝑚𝑥
଴                                                                                                                                           ሺͻሻ 
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Here r(x) is found to be χ(x), the transformation parameter for distance along channel that 

accounts for the distribution of the upstream drainage area [Perron and Royden, 2013]. 

Originally, for the case of n = 1, χ has been defined as, 𝜒ሺ𝑥ሻ = ∫ 𝐴బ೘ௗ𝑥′𝐴ሺ𝑥′ሻ𝑚′𝑥଴ where A0 is a scaling 

parameter introduced to maintain the dimensionality of χ to [L] [Perron and Royden, 2013]. 

Here r is identified with χ by omitting the scaling parameter, and the dimension of χ becomes [L
1–

2
m]. χ(x) can easily be calculated for any point x along the channel as it only requires knowledge 

of the drainage area distribution from the outlet to that point and of the value of m, which can be 

estimated by various techniques [e.g., Mudd et al., 2013; Goren et al., 2014]. The solution to 

equation (6) is 𝜒ሺ𝑥ሻ = ′ݐሻ𝑑′ݐሺܭ∫ −∫ ሻ௦బ′ݐሺܭ
଴

௧
଴ 𝑑ݐ′                                                                                                         ሺͳͲሻ 

To simplify equation (10), the following notation is introduced: 

 Ȟሺݐሻ = ௧′ݐሻ𝑑′ݐሺܭ∫
଴ ,                                                                                                                                     ሺͳͳሻ 

Such that the function Γ(t) is the integral of K(t) over duration t. Equation (10) can then be written 

as 𝜒ሺ×ሻ = Ȟሺݐሻ − Ȟሺ𝑆଴ሻ                            (12) 

 

Next, the inverse function Γ−1
 is defined, such that Γ−1

 [Γ (t)] = t, and it is noted that by 

equation (12): Γ(s0) = Γ(t) − χ(x), and therefore, ݏ଴ = Ȟ−ଵ[Ȟሺݐሻ − 𝜒ሺ𝑥ሻ]. At this stage the solution 

to equation (8) can be expressed as: 

 𝑧ሺ𝑥, ሻݐ = ∫𝑈ሺݐ′ሻdt′௧
௦బ = ∫ 𝑈ሺݐ′ሻ𝑑ݐ′.                                                                                      ሺͳ͵ሻ௧

Γ−భ[Γሺ𝑡ሻ−𝑥ሺ𝑥ሻ]  

 

Whose proof is supplied in the supplementary information Equation (13) is a closed form 

expression for the elevation along the fluvial channel as a function of the fluvial parameters and 

the tectonic and climatic histories. 

Using the definition of the response time as the time interval over which the tectonic 

history needs to be known in order to find the elevation of a point along the fluvial channel, 

equation (13) leads to a response time of the form: t − Γ−1[Γ(t) − χ(x)]. This response time is a 

function of x, t, and K (t), and thus it varies in both space and time. 

 

3 Predictions for Landscape Evolution 

 

In this section, equation (13) is compared to numerical solutions of equation (4) and is 

used to make predictions for the evolution of the river profile under various climatic histories. I 

consider a one dimensional channel, whose drainage area distribution obeys Hack's law 

[Hack, 1957], A = ka (L − x) h, with h = 2, ka=2/3, and x is measured from the outlet. The 

numerical solutions follow the implicit scheme of upstream integration following Braun and 

Willett [2013]. 

 

As a first case, consider the simplest scenario where K(t) = K is time independent. Here, 

Γ(t) = Kt, and Γ−1
(t) = t/K. Equation (13) can then be written as 
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𝑧ሺ𝑥, ሻݐ = ∫ 𝑈ሺݐ′ሻ𝑑ݐ′.௧
Γ−భ[Γሺ୲ሻ−χሺxሻ] ∫ 𝑈ሺݐ′ሻ𝑑ݐ′ = ∫ 𝑈ሺݐ′ሻ𝑑ݐ′,                              ሺͳͶሻ௧

௧−𝜒ሺ𝑥ሻ௄
௧

Γ−ଵ[௄௧−𝜒ሺ𝑥ሻ]  

and since τ(x) = χ(x)/K, the original closed form analytical solution for constant K and 

variable U(t), equation (3) is recovered. In this case, the response time, τ(x) = t − [t − τ(x)], is an 

inverse function of K, and therefore, higher rates of precipitation, which translate to 

higher K values, lead to shorter response times. Since the elevation is a function of the response 

time, higher precipitation rates are expected to result in lower channel relief, as has been observed 

in nature [e.g., Ferrier et al., 2013; D'Arcy and Whittaker, 2014]. 

 

Next, consider the case where K increases linearly with time, K(t) = K0t. Here Ȟሺݐሻ ଴ܭ= ୲మଶ Ȟ−ଵሺݐሻ =  ଴ and. For the complete analytical solution for z, a constant rock upliftܭ/ݐʹ√

rate U(t) = U0 is assumed, and the solution is expressed as 

 𝑧ሺx, ሻݐ = ∫ 𝑈଴𝑑ݐ′ = 𝑈଴௧
Γ−భ[Γሺ௧ሻ−𝜒ሺ𝑥ሻ] ݐ] − ଶݐ√ − ʹ𝜒ሺ×ሻܭ଴ ].                                                              ሺͳͷሻ 

 

Figure 1a compares the numerical solution with the analytical solution, equation (15), for this 

scenario and demonstrates that as time ݐ → ∞, 𝑧 = 𝑈଴[ݐ − √ʹ𝜒ሺxሻ/ܭ଴] →, , i.e., the river profile 

becomes less steep with time.  

 

As a final example, consider the case where K(t) is a periodic function of time,ܭሺݐሻ ଵܭ= + ଴ cosܭ ቀଶ𝜋௧ఠ ቁ i.e., , where K0 is the amplitude of the periodic signal, K0<K1 to insure 

positive K(t), and ω is the period. Here. Ȟሺݐሻ = ݐଵܭ + ௄బ𝜔ଶ𝜋 sin ቀଶ𝜋௧ఠ ቁ.In this case, there is no 

analytical expression for Γ−1
 (t), but since Γ(t) is a monotonically increasing function of t (being 

an integral of a positive function K(t)), and therefore a 1-1 function, the existence of the inverse 

function is guaranteed. To overcome this limitation, Γ(t) is expressed as a discrete mapping, 

Γ:t→Γ(t), and the inverse function Γ−1
 can be expressed as the inverse mapping Γ−1:Γ(t)→t. The 

solution takes the form: 𝑧ሺ𝑥, ሻݐ = ∫ 𝑈଴dt′௧
Γ−భ[Γሺtሻ−χሺxሻ] = ∫ 𝑈଴dt′௧

Γ−ଵ[௄భ௧+௄బఠଶ𝜋 ୱ୧୬ቀଶ𝜋௧ఠ ቁ−𝜒ሺ×ሻ]                                                      ሺͳ͸ሻ 
 

Figure 1b compares the analytical solution, equation (16), with a discrete mapping for Γ−1
, to a 

numerical solution. The solutions mostly match, and differences across significant slope breaks 

result from inaccuracy in the numerical solution [Campforts and Govers, 2015]. 

 

4 Applications 

 

4.1 Landscape Evolution and Numerical Models Validation 

 
The analytic solution, equation (13), can be used to accurately find the evolution of the 

topography along fluvial channels through time and space, as a function of any 

general U and K history. Analytic solutions can further be used to validate numerical landscape 

evolution models and to evaluate their accuracy. Campforts and Govers [2015] have shown that 

both explicit and implicit schemes of advection equations tend to smooth sharp edges (Figure 1b), 

http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0010
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0008
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0015
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0016
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0006
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0013
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0006
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0001
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and the analytic solution can be used to estimate the degree of smoothing of different numerical 

schemes. 

 

 
 

Figure 1.The evolution of river long profile under constant tectonic rock uplift rate, 𝑈଴=1 mm/yr and m = 

0.5. (a) A linear increase with time of the erosional efficiency K. Solid lines represents the analytic 

solutions from equation (15). (b) Periodic variability of K with. ܭሺݐሻ = ͳͲ−଺ cos ቀ ଶπ୲ହ×ଵ଴6ቁSolid lines 

represent the analytic solutions of equation (16). In both frames, dashed lines represent the numerical 

solution of equation (4). Slight mismatch along slope break in Figure 1b arises from numerical diffusion in 

the numerical scheme. 

 

4.2 Inferring the Climatic History When the Uplift Rate History is Known 

 

Given a river long profile that has developed in response to a known tectonic rock uplift 

rate history, U(t), and an unknown climatic history, K(t), it is possible to infer K(t) from the 

elevation data along the channel and the known U(t) via a simple linear inversion. Here the 

present, when the river long profile is sampled, is taken as t = 0. Equation (13) then takes the 

form: 𝑧ሺx, Ͳሻ = ∫ 𝑈ሺݐ′ሻ𝑑ݐ′଴
Γ−భ[Γሺ଴ሻ−χሺxሻ] = ∫ 𝑈ሺݐ′ሻ𝑑ݐ′଴

Γ−భ[−χሺxሻ]                                                                     ሺͳ͹ሻ 
 

since by definition Γ(0) = 0. The response time is then 

 

ResTime(x) =−Ȟ−ଵ[−𝜒ሺxሻ] = Ȟ−ଵ[𝜒ሺxሻ]                                                                                   (18) 

 

In this framework, the function Γ−1
 is the mapping Γ−1

:χ(x)→ResTime(x), and therefore, 

Γ:ResTime(x)→χ(x). Because by the definition of equation (11), Γ is the integral of K(t), which is 

the climatic history, K(t) can be found by taking the derivative of Γ, which in this case is the 

derivative of χ(x) with respect to ResTime(x), i.e., 

ሺtܭ  = ResTimeሺxሻሻ= dχሺxሻdResTimeሺxሻ                                                                                                       ͳͻሻ 
For this application, a discrete representation of the fluvial channel is assumed, such 

that zi and χi=χ(xi), the elevation and χ value of pixel i, respectively, are known. While the 

http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0015
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0016
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0004
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0013
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0011
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response time of pixel i, ResTimei, is still unknown, it can be inferred from the known tectonic 

rock uplift rate history, U(t). The tectonic rock uplift rate history U(t) can always be discretized 

over no uniform time intervals such that U = U1 for 0≤t≤t1, U = U2 for t1<t≤t2, …,U = Un for tn − 

1<t≤tn. Defining Δt1=t1−0, Δt2=t2−t1, …, Δtn=tn−tn − 1, the elevation zi can be expressed as 𝑧௜ =∑ 𝑈௝ȟݐ௝௃௝=ଵ + 𝑈௃+ଵRem௜                                                                                                               ሺʹͲሻ 
 RemTime௜, which is the time interval over which the tectonic rock uplift rate history needs to be 

known in order to evaluate 𝑧௜, is therefore 

 ResTime௜ =∑ ௝௃௝=ଵݐ∆ + Rem௜                                                                                                         ሺʹͳሻ 
 

Finding ResTimei requires an iterative processes of gradually adding terms of the 

form Uj∆ݐ௝for j = 1, 2, until 𝑧௜ is recovered. After ResTime is found, the pixels can be organized 

in a monotonically increasing order of ResTime, and K(t) can be inferred through 

equation (19) by differentiating numerically 

(ResTime୨+ଵ/ଶ)ܭ  = 𝑑𝜒௝+ଵ/ଶ𝑑ResTime୨+ଵ/ଶ = 𝜒௜+ଵ − 𝜒௜ResTime௝+ଵ − ResTime௝                                                 ሺʹʹሻ 
 

To demonstrate the application of this inversion technique, a river long profile is generated by 

using the forward model, equation (13), in response to 20 Myr of climatic variability that obeys 

ሻݐሺܭ  = ͳͲ−଺ + Ͳ.ͻ × ͳͲ−଺ sin ( ʹπtͷ × ͳͲ଺),                                                                                         ሺʹ͵ሻ 
 

and an uplift rate history of 

 

𝑈ሺݐሻ = { 
 ͳ × ͳͲ−ଷ for Ͳ ≤ ݐ < ͵,𝑎ܯʹ × ͳͲ−ଷ for ʹ ≤ ݐ < ʹ,𝑎ܯ͵ × ͳͲ−ଷ for ͵ ≤ ݐ < ͵.ͷܯ𝑎,ͳ × ͳͲ−ଷ for ͵.ͷ ≤ ݐ < ʹͲܯ𝑎,                                                                                          ሺʹͶሻ 

 

The topography, 𝑧௜, and the corresponding 𝜒௜ are known. It is further assumed that the tectonic 

history, equation (24), is known. Then by equation (21), the response time of each pixel 

ResTimei is found, and by using equation (22), the climatic history is inferred. Figure 2a 

compares the imposed and inferred climatic history and shows a good match. Note that the 

inferred climatic history goes back in time only to the value of max (ResTimej) 

 

4.3 Inferring the Uplift Rate History When the Climatic History is known 

 

Next, the concept of fluvial response time is used for inferring an unknown rock uplift 

rate history, when the history of K(t) is known. Here as well, equation (17) is used under the 

assumption that the present time is represented by t = 0. The general inversion methodology 

follows the one developed in Goren et al.[2014] for constant K, but an additional, preprocessing 

step of calculating ResTimei for each pixel i is needed. This step is trivial, since it is assumed that 

the function K(t) is known, and therefore, Γ and Γ−1
 can be calculated and so can ResTime, 

http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0019
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0013
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0024
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0021
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0022
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0002
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0017
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0016
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through the use of equation (18). From this stage on the Goren et al.[2014] methodology can be 

used as is. 

 

 
 

Figure 2 (a) Applied climatic oscillations (solid line) and inferred climatic signal (askterisk) using the 

inversion scheme presented in section 4.2. The known uplift rate history is given in equation (24). (b) 

Applied tectonic history (solid line) and inferred history (askterisk) using the inversion scheme from 

section 4.3. The known climatic variability follows equation (23). 

 

To demonstrate this scheme, the same tectonic and climatic boundary conditions as in the 

previous problem are used. The topography, z, and the χ values are known and so is the climatic 

history, equation (23). Figure 2b compares the applied and inferred tectonic rock uplift rate 

history, showing a good match even along sharp transitions in the tectonic rock uplift rate. 

 

5 Discussions 

 

5.1 Assumptions and Limitations 
 

The analytic derivation, equation (13), relies on several assumptions and simplifications. 

The first is the linearity between the incision rate and the slope in the stream power model, n = 1 

in equation (1). The exact value of n has been continuously debated with both supports for n = 1 

[e.g., Ferrier et al., 2013; Roberts and White, 2010] and for n ≠ 1 [e.g., Attal et 

al., 2008; Whittaker and Boulton, 2012; Harel et al., 2016]. Here linearity is assumed because it 

uniquely allows developing a simple and closed form solution to equation (2) for any general U(t) 

and K(t), which then leads to an expression for the fluvial response time. Yet in the supporting 

information, a scenario with n = 2 is explored numerically for the difference between river long 

profiles with constant and periodic K. Results show qualitatively a similar behavior to that 

observed for n = 1. Second, spatial variations in U [e.g., Fox et al., 2014] and K [e.g., Roe et 

al., 2002; Wu et al., 2006] are intentionally omitted from the current analysis for simplicity. One 

possibility for obtaining a solution for the spatially variable case is to divide the channel into 

segments that experience the same K(t) and U(t) history. Then, the history of ∂z(t)/∂t of the top 

most point of one segment, which can be found by time derivation of the forward model, 

equation (13), can be linearly added to U(t) of its upstream segment, which then can be solved for 

independently. Finally, the analytical solution requires that the upstream drainage area is 

temporally invariant, i.e., A = A(x). 

 

http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0018
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0016
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-sec-0006
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0024
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-sec-0007
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0023
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0023
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0002
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0013
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0010
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0035
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0004
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0050
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0018
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0002
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-supinf-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-supinf-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0012
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0036
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0055
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0013
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An additional limitation of the current analytic approach is that for the general case, the 

lower bound of the integral solution for z in equation (13) cannot always be written explicitly. As 

a result, analytical expressions of the slope, ∂z/∂x, of the erosion rate, and of the sediment flux 

output are not always available. These quantities can still be calculated numerically once the 

elevation along the channel is accurately resolved by the analytic solution. For this reason, the 

current study, which focuses on analytic derivations, does not explore the spatial and temporal 

patterns of erosion rate and sediment flux. 

 

5.2 The Effect of Periodic Climate Change on Landscape Evolution 

 
The analytic solution in equation (13) allows comparing landscape evolution for different 

climatic scenarios. The comparison between equation (14) that is derived for a constant K and 

equation (16) that is derived for a periodic K reveals that the solutions differ by the 

term 
௄బఠଶ𝜋 sin ቀଶ𝜋௧ఠ ቁ in the parameter of Γ−1

 at the lower bound of the integral. Γ−1
 is a continuous 

function of its parameter, and therefore, when the term
௄బఠଶ𝜋 sin ቀଶ𝜋௧ఠ ቁ becomes negligible with 

respect to χ, the topographic evolution of the periodic K case should converge to that of the 

constant K case. That is, when, ௄బఠଶ𝜋 ≪ 𝜒ሺxሻ, the river long profile is not expected to be sensitive 

to climate periodicity. This means that low-amplitude (K0) high-frequency (1/ω) climatic 

oscillations are damped in the river long profile. At the other end-member, when 
௄బఠଶ𝜋 ≈> 𝜒ሺxሻ, the 

long profile of rivers that are affected by climate variability should differ from the long profile of 

constant K rivers. Figure 3a compares between river long profile for 

constant K = K1=10
−6

 yr
−1

 and for periodic, ܭ = ଵܭ + ଴ܭ cos ቀଶ𝜋௧ఠ ቁwith K0=0.9 × 10
−6

 and 

different values of ω. The figure shows that as ω decreases the profiles with periodic K gradually 

become indistinguishable from the profile with constant K. When ߱ > max  ሺ𝜒ሻ  ଵ, which setsܭ/

the response time scale [Godard et al., 2013], the river long profile is in a quasi steady state with 

respect to the current, instantaneous K value, and no slope breaks are identified. Still, the 

steepness of the profile (solid thin line in Figure 3a) differs significantly from the steepness of the 

constant ܭ river (solid thick line in Figure 3a) [e.g., Allen, 2008]. When ߱ < max  ሺ𝜒ሻ  ଵ, slopeܭ/

breaks appear along the river long profile, preserving older oscillations, but as  
௄బఠଶ𝜋  further 

decreases, these slope breaks become too small to identify (Figure 3a dotted line). This analysis is 

in line with the numerical work of Paul et al. [2014] that has demonstrated in the framework of 

river long profile inversion, that high-frequency precipitation oscillations do not affect the 

inferred uplift rates, even when the oscillations are not accounted for. 

 

Figure 3b shows the percent deviation of the topography of the periodic K profiles with 

respect to the constant K profile. Here again, the case of ߱ > maxሺ𝜒ሻ/ܭଵ shows large deviation 

throughout the profile (Figure 3b solid line). Lower ω cases result in a deviation that decays 

upstream with increasing χ(Figure 3b dashes and dotted lines). Along the downstream reaches, 

where
௄బఠଶ𝜋 ≈> 𝜒ሺ𝑥ሻ  large deviation between the profiles is observed, while at the upstream reaches, 

where 
௄బఠଶ𝜋 ≪ 𝜒ሺxሻ, the deviation is smaller. Supporting information Figure S1 shows that a 

qualitatively similar behavior of periodic K rivers is observed also when the incision rate depends 

nonlinearly on the slope, with n = 2. 

Next, I turn to evaluate the relation between 
௄బఠଶ𝜋  and 𝜒 for natural fluvial systems. Consider a 

drainage network that obeys Hack's law. Then 

 

http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0013
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0013
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0014
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0016
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0015
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0030
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-fig-0003
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-supinf-0001
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-supitem-0002
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𝜒ቌ𝑥 = ∫ 𝑑𝑥𝑘𝑎𝑚ሺܮ − 𝑥ሻℎ𝑚 ,𝑥
଴ ቍ                                                                                                                    ሺʹͷሻ 

 
Figure 3. (a) Comparison between constant K river profile, solid thick line, and periodic K profiles, solid 

and dashed thin lines, showing that as 
௄బఠଶ𝜋  decreases, the periodic K profiles approach the 

constant K profile and climatic oscillations and damped. (b) Percent deviation of the periodic K profiles 

from the constant K profile, showing that for low χ values (top x axis), and close to the outlet, the deviation 

is larger than at higher χ values and away from the outlet. 

 

where 0≤x≤L − xc (L − xc represents the channel head). The solution of equation (25) is 

 𝜒ሺ𝑥ሻ = ͳ𝑘𝑎𝑚 In ( LL − x) for ℎ݉ ≠ ͳ.                                                                                                        ሺʹ͸ሻ = ͳ𝑘𝑎𝑚ሺͳ − hmሻ ଵ−୦୫ܮ] − ሺܮ − xሻଵ−୦୫] for ℎ݉ ≠ ͳ.                                                                        ሺʹ͹ሻ 
 

Assuming ka=2/3, h = 2, L = 50 km, and xc=1 km. Then, for m = 0.5, χ(L/2) = 0.85 and χ(L − xc) 

= 4.79, while for m = 0.4, χ(L/2) = 6.63 and .𝜒ሺܮ − x௖ሻ This calculation shows that for the 

parameters used here, the top half of the fluvial channel is characterized by . 𝜒 = 𝒪ሺͳሻ −𝒪ሺͳͲሻThe period of natural climatic oscillations related to Milankovitch cycles are of the order of 

10
4–10

5
 yr. Considering K0 to be of the order of the erosional efficiency, i.e., 10

−7–
10

−5
 yr

−1
 [Stock and Montgomery, 1999; Snyder et al., 2000] (for m = 0.5), thenͳ.͸ × ͳͲ−ସ <௄బఠଶ𝜋 < Ͳ.ͳ͸ . It is therefore clear that in the majority of the cases, the condition

௄బఠଶ𝜋 ≪ 𝜒ሺ𝑥ሻ is 

met, and accordingly, Milankovitch climatic oscillations are not expected to leave a significant 

fingerprint on the higher reaches of river long profiles. 

 

The above analysis has two implications for the possibility of inferring climatic and 

tectonic signals from river long profiles. First, in cases where 
௄బఠଶ𝜋  can be shown to be ≪χ, 

climatic oscillations are not expected to significantly affect the river long profile, and a 

constant K value can be assumed when recovering the tectonic signal with either forward 

[e.g., Whittaker et al., 2008] or inverse [e.g., Paul et al., 2014; Goren et al., 2014] modeling. 

Indeed, using the algorithm presented in section 4.3, C. Petit et al. (personal communication, 

2016) have demonstrated that inversion of the Tinee river tributaries for its main trunk incision 

http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-disp-0025
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0043
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0041
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0051
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0030
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-bib-0016
http://onlinelibrary.wiley.com/doi/10.1002/2016GL070451/full#grl55094-sec-0007
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history [Petit et al., 2016] results in similar inferred histories when using constant K or 

periodic Kwith a period of ∼10
5
 yr and K0≈0.5 × 10−5

 m
1–2

m/yr. Second, since the lower reaches, 

close to the outlet, are always characterized by lower χ values, for these reaches
௄బఠଶ𝜋 ≈> 𝜒ሺ𝑥ሻ   and 

the climatic signature is expected to affect the river long profile. Albeit, due to the expected low 

elevation and slope of these reaches, such a signature is harder to identify. 

 

The above outcomes should be considered with some caution when additional effects that 

may influence the river long profile during Milankovitch climate oscillations are significant. Such 

effects include changes in the erosional mechanism from fluvial to glacial [Valla et al., 2010], 

base level changes related to climatic oscillations [Lambeck and Bard, 2000] and grain size 

[Peizhen et al., 2001; D'Arcy, 2015] and sediment flux [Simpson and Castelltort, 2012] 

oscillations that may nonlinearly affect K. Furthermore, the lack of topographic signature of high-

frequency climatic oscillations does not imply that the commulative erosion and sediment output 

from detachment-limited rivers are insensitive to these oscillations. On the contrary, Godard et 

al. [2013] have demonstrated numerically that the time series of sediment flux of rivers that obey 

the stream power model follows the imposed high-frequency climatic oscillations. 

 

6 Conclusions 

 

This work solves analytically the linear stream power fluvial incision model for any 

general tectonic, U (t), and climatic, K (t), histories. From the solution, a general definition of the 

fluvial response time arises, which is valid even when topographic steady state cannot be 

achieved. According to this definition, the response time is the time over which the tectonic rock 

uplift rate history needs to be known in order to constrain the elevation of a point, x, along a 

fluvial channel at a given time, t. This response time is a function of x, t, and K(t). The new 

definition of the response time allows developing linear inverse models that use the long profile 

of rivers to infer the tectonic history when the climate history is known, and to infer the climate 

history when the tectonic history is known. Investigation of this response time when K(t) is 

periodic reveals that high-frequency low-amplitude oscillations, such as Milankovitch cycles, are 

topographically damped and are therefore not expected to leave their mark along the higher 

reaches of river long profiles. 
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